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JOHN DISK AND A-QUASICONFORMAL HARMONIC 

MAPPINGS 

SHAOLIN CHEN AND SAMINATHAN PONNUSAMY 


Abstract. The main aim of this article is to establish certain relationships be¬ 
tween AT-quasiconformal harmonic mappings and John disks. The results of this 
article are the generalizations of the corresponding results of Ch. Pommerenke 
[18]. 


1. Introduction and main results 


For a G C and r > 0, we let D(a, r) = {z : \z — a\ < r} so that := D(0,r) 
and thus, D := Di denotes the open unit disk in the complex plane C. This paper 
provides a necessary and sufficient condition for the image = /(D) of univalent 
harmonic mappings / dehned on D to be a John disk (see Theorems 1 and 2 ). 
Some differential properties of A-quasiconformal harmonic mappings will also be 
characterized by using Pommerenke interior domains and John disks (see Theorem 
4 and Corollary 1). In addition, we present a sufficient condition, in terms of har¬ 
monic analog of the pre-Schwarzian of A-quasiconformal harmonic mappings / on 
D, for n = /(D) to be a John disk (see Theorem 5). Similar results for analytic 
functions are proved earlier by Ahlfors and Weill [1], Becker and Pommerenke [2], 
and Pommerenke [18]. In order to state and prove our main results and related 
investigations, we need to recall some basic definitions, remarks and some results. 

For a real 2x2 matrix A, we use the matrix norm ||A|| = sup{|A 2 ;| : j^;] = 1} 
and the matrix function 1{A) = inf{|A^| : 1^1 = 1}. For z = x + iy E C, the formal 
derivative of the complex-valued functions f = u + iv is given by 


Df = 


Vx Vy 


SO that 

\\Df\\ = \M + \M and l{Df) = \\M-\h\l 

where = (1/2) (/„ - ify) and = {l/2){f^ -f ify). 

Let be a domain in C, with non-empty boundary. A sense-preserving homeo- 
morphism / from a domain Q onto Q', contained in the Sobolev class is 
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said to be a K-quasiconformal mapping if, for z G 

\\D,(z)f < K&etD,(z), i,e., ||Z)/(s)|| < Kl(D,(z)), 

where K >\ and det Dj is the determinant of Dj (cf. [12, 14, 22, 23]). 

A complex-valued function / dehned in a simply connected subdomain G of C is 
called a harmonic mapping in G if and only if both the real and the imaginary parts 
of / are real harmonic in G. It is indeed a simple fact that every harmonic mapping 
/ in G admits a decomposition f = h + 'g, where h and g are analytic in G. If we 
choose the additive constant such that 5 f( 0 ) = 0 , then the decomposition is unique. 
Since the Jacobian det Df of f is given by 

detDf ■.= \f,\^-\f^\^ = \h'\^-\gf, 

f is locally univalent and sense-preserving in G if and only if \g'{z)\ < \h'{z)\ in 
G; or equivalently if h'{z) ^ 0 and the dilatation cu = g'/h' has the property that 
\oj{z)\ < 1 in G (see [15] and also [ 8 ]). 

In the recent years, the family Sh of all sense-preserving planar harmonic univalent 
mappings f = h + ^ in 3, with the normalization h( 0 ) = 5 '( 0 ) = 0 and h'{0) = 
1, attracted the attention of many function theorists. This class together with 
a few other geometric subclasses, originally investigated in details by [ 6 ], became 
instrumental in the study of univalent harmonic mappings. See the monograph [ 8 ] 
and the recent survey [ 20 ] for the theory of these functions. 

If the co-analytic part g is identically zero in the decomposition of /, then the class 
Sh reduces to the classical family S of all normalized analytic univalent functions 
h{z) = z + Y1°^=2 ^nz'^ ^ ^ ^ Sh '■ 9'{d) = 0 }, then the family 

S^ is both normal and compact (see [ 6 , 8 , 20 ]). 

Let dn(z) be the Euclidean distance from z to the boundary dVL of hi. In particular, 
we always use d{z) to denote the Euclidean distance from 2 ; to the boundary d3 of 
D. 


Definition 1. A bounded simply connected plane domain G is called a c-John disk 
for c > 1 with John center tco G G if for each tci G G there is a rectifiable arc 7 , 
called a John curve, in G with end points wi and wq such that 

ai{w) < cdciw) 

for all w on 7 , where ■j[wi,w] is the subarc of 7 between wi and w, and ae{w) is the 
Euclidean length of ^[ 101 , 10 ] (see [11, 9, 17, 19]). 

Remark 1. If / is a complex-valued and univalent mapping in D, G = /(D) and, for 
G D, 7 = /([O, z]) in Definition 1, then we call c-John disk as a radial c-John disk, 
where Wq = /(O) and w = f{z). In particular, if / is a conformal mapping, then we 
call c-John disk as a hyperbolic c-John disk. It is well known that any point wq & G 
can be chosen as John center by modifying the constant c if necessary. Moveover, if 
we don’t emphasize the constant c, we regard the c-John disk as the John disk (cf. 
[11, 9, 17]). 

In [18] (see also [19, p. 97]), Pommerenke proved that if / maps D conformally 
onto a bounded domain G, then G is a hyperbolic John disk if and only if there exist 
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constants M > 0 and 5 G (0,1) snch that for each ( G 5D, and for 0 < ri < r 2 < 1, 
we have 

|/'(r.C)l < M|/'(r.C)| ■ 

Later, in [9, Theorem 2.3], Kari Hag and Per Hag gave an alternate proof of this 
result. In this paper, our first aim is to extend this result to planar harmonic 
mappings. 

Theorem 1. For K > 1, let f E be a K-quasiconformal harmonic mapping 
from D onto a bounded domain H. Then Q is a radial John disk if and only if 
there are constants M{K) > 0 and 6 G (0,1) such that for each ( G 5D and for 
0 < r < p < 1, 

(1.1) I|£';(pC)II < M(A-)||B;(rC)|| ' ■ 

The following result is another characterization of radial John disk, which is also 
a generalization of [18, Theorem 1]. 

Theorem 2. For K > 1, let f E be a K-quasiconformal mapping and VL = /(D) 
is a bounded domain. Then the following conditions are equivalent: 

(a) Q is a radial John disk; 

(b) There is a positive constant Mi such that, for all z G D, 

di8imf{B{z)) < Midn{f{z)), 

where B{z) = : \z\ < |(C| < 1, | arg^; — arg(C| < 7r(l — | 2 ;|)}; 

(c) There is a positive constant 6 G (0,1) such that, for all z eVi and ( E B{z), 

(1.2) l|B/(OII < M2||BX^)|| ([(^j 

where M 2 is a positive constant. 

By using some distortion conditions in Theorem 2, we get a characterization of 
coefficients of iP-quasiconformal harmonic mappings. 

Theorem 3. For K > 1, let f = h g E be a K-quasiconformal harmonic 
mapping, where 

00 00 

h{z) = z + OnZ^ and g{z) = b^z^. 

n=2 n=2 

If f satisfies the condition (b) or (c) in Theorem 2, then there is some (3o > 0 such 
that 

00 

+ \hn\^) < 00 . 

n=2 

Using Theorems 2 and 3, it can be easily seen that the conclusion of Theorem 3 
continues to hold if the assumption that “/ satisfies the condition (b) or (c) in 
Theorem 2” is replaced by “H = /(D) is a radial John disk”. 
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For p G (0, oo], the generalized Hardy space consists of all those functions 

/ : D —)■ C such that / is measurable, Mp(r, /) exists for all r G (0,1) and ||/||p < oo, 
where 


sup iv±py 


MpirJ) 

0<r<l 

sup \f{z)\ 


. zei 


if p G (0, oo) 
if p = oo 


and MP{r,f) 


1 





Let / G Sh be a iF-quasiconformal harmonic mapping from D onto a domain G. 
For 0 < r < 1 and Wi,W 2 G / (5©^), let 7r be the smaller subarc of / (5^^) between 
wi and W 2 , and let 

dGri'Wi,W 2 ) = inf diamF, 

where F runs through all arcs from wi to W 2 that lie in Gr = /(Dr) except for their 
endpoints. If 


(1.3) 


sup 

0<r<l 


sup 

Wl,W2&"lr 


£(7r[Wl,W2]) 

dGriu!l,U!2) 


< OO, 


then we call G as a Pommerenke interior domain (cf. [18]). In particular, if G 
is bounded, then we call G as a bounded Pommerenke interior domain. Our next 
theorem is an analogous result of [18, Theorem 3]. 


Theorem 4. Let f G Sh be a K-quasiconformal harmonic mapping from D onto a 
hounded Pommerenke interior domain G. If there are constants M and 6 G (0,1) 
such that for each ( G cID and for 0 < r < p < 1, 

(1.4) I|B/(pC)II < M||B,(rC)|| 

then \\Df\\ G iLg(D). 

The following result easily follows from Theorems 1 and 4. 


Corollary 1. Let f G S^ be a K-quasiconformal harmonic mapping from D onto a 
bounded Pommerenke interior domain G. If G is a radial John disk, then \\Df\\ G 

Him. 


In terms of the canonical representation of a sense-preserving harmonic mappings 
/ = h -|- p in D with oo = g'/h', as in the works of Hernandez and Martin [10], the 
Pre-Schwarzian derivative Pj of / and the Schwarzian derivative S'/ of / are dehned 
by 


Pf = n. 


oo'oo 


\oo\ 


-, and Sf = Sh -\- 


oo 


\UJ\ 


{Thoo' 


00 


3 / oo'oo 

2 \1 - |ci;|2 ) 


respectively. Here 

n = L and Sh = U - ip 

are referred to as the Pre-Schwarzian and Schwarzian (derivatives) of a locally uni¬ 
valent analytic function / in D, respectively. For the original definition of the 
Schwarzian derivative of harmonic mappings, see [4]. 
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Ahlfors and Weill [1], Becker and Pommerenke [2] characterized the quasidisk 
by using the Pre-Schwarzian of analytic functions. On the basis of the works of 
Chuaqui, et ah [5], Kari Hag and Per Hag [9] discussed the relationships between 
the John disk and the Pre-Schwarzian of analytic functions. It is natural to ask 
whether a similar relationship is attainable (see [5, Theorem 4] and [9, Theorem 
3.7]) with the help of Pre-Schwarzian of harmonic mappings. This is the content of 
our next result. 

Theorem 5. Suppose that f G is a K-quasiconformal harmonic mapping o/D 
onto a bounded domain /(ID)) for some K > 1 and such that 



//^(/([O, z])) < oo for all z G D, then /(D) is a radial John disk. 
The proofs of Theorems 1—5 will be given in Section 2. 


2. The proofs of the main results 


We begin the section by recalling the following results which play an important 
role in the proofs of Theorems 1—5. 

Theorem A. ([13, Proposition 3.1] and [13, Theorem 3.2]) Let f be a K-quasiconformal 
harmonic mapping from D onto itself. Then for all z G D, we have 



Theorem B. ([3, Theorem 3]) Let f G Then there is a positive constant 

Cl < -|-oo such that for ^ G clD and 0 < ra < r 4 < 1, 



Proof of Theorem 1. We first prove the sufficiency. Applying [16, Proposition 
13], we obtain that 


( 2 . 1 ) 
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Also, by ( 1 . 1 ) and ( 2 . 1 ), for w = f{rQ and wi = f{pC), we have 


ai{w) = I |d/(tC)l</ \\Df{tC)\\dt 

1 -1 


< M{K)\\Dj{rO\\ 
M{K) 


dt, by ( 1 . 1 ), 


< 

< 


6 

M{K) 


Df{rO\\{l-r) 


\Dj{rCmi-r^) 


16KM{K) 

5 


dn{w), by ( 2 . 1 ), 


which implies that is a radial (16A'M(A')/5)-John disk with John center wq = /(O) 
and with 7 = /([O, pC]) the John curves, where re [0,1), p G [r, 1) and ( G 9D. 
Now we prove the necessity. For 2 ; G D, let 


A = / 


-1 


){f{z),dn{f{z))) 


and 0 be a conformal mapping of D onto A with 0(0) = Since 0(113) C 
know that, for tc G D, 

^ -| 0 (n;)P 


we 


( 2 , 2 ) 

Then 


I0'HI < 


1 — Iwi 


F{w) = 


- f{z)) 


dn{f{z)) 

is a iF-quasiconformal harmonic mapping of D onto itself with F’(O) = 0. It is not 
difficult to know that 


\Df{w)\\ = 


|0'(n;)|||ZJ;(0(n;))|l 


duifiz)) 

which, together with (2.2) and Theorem A, give that 

d^(/(^))||ZJ^( 0 )|| 


\Df{z)\\ = \\Dfim)\\ = 


\m\ 


(2.3) 


> 


> 


dnifizmPFm 

1 — \z\^ 

l + Kdn{f{z)) 

2K 1-UP' 


Since is a radial John disk, we can choose Wq = /(O) as the John center and 
7 = /([0,pC]) as the John curve; can be assumed to be a radial c-John disk with 
respect to this choice, where c > 1 . Hence for w = f{r() and wi = /(pC), we have 


(2.4) 


o’ii'w) < cdn{w) for all p G [r, 1). 
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The boundedness of ^2 implies that dQ{w) is finite for all w E Q. Hence the limit 


(2.5) 


lim / \df{tC)\ 

.L 


does exist and is finite. By (2.4) and (2.5), we get 

r-l cl cl 


( 2 . 6 ) 


1 

K 


\\Df{tC)\\dt< / l{Df{tO)dt< / \df{tO\<cdn{w), 


where ( G 5D. By (2.3) and (2.6), we have 

2cK‘^ 


(2.7) / \\Dj{tO\\dt < ^^(1 - r^)\\Df{rC)\\ < Mo(l - r)\\DjirC)\l 


where Mq = ^ > 2c. 
Next, we let 


By (2.7), we have 


(p{r) = {l-r) "0 / \\Df{tC)\\dt. 


< 0 , 


(^'(r) = (l-r) "0 ____ y \\Df{tC)\\dt-\\Df{rC)\\ 

which implies that (p{r) is decreasing on the unit interval (0,1). 

By Theorem B, for p <t < there is a positive constant ci such that 

P/(pC)ll<4-||/^/(tC)ll, 

which gives 

cl 


. i+p 
2 


\\DfitC)\\dt > / \\DfitC)\\dt 


' 1 + P 
2 


> 4-°||B/(pC)II J dt 

(2.8) = 2-^'=‘-‘||£>;(cC)|l(l-c). 

For 0 < r < p < 1, by (2.7) and (2.8), we have 

(i_p)i-ife||D/(pC)|| < 2'+='v(c) < 

< 2‘+"«M„(l-r)‘-ite||r>XrC)|l. 

which yields 


\\DM)\\ < 2^^^^^Mo\\Df{rC)\\ 

= 2i+2'=Wo||D/(rC)|| 
The proof of the theorem is complete. 


1 -p 

I-P ' 

1 — r 


1 — rX ^ 


--1 


□ 


For Zi,Z 2 e 10, the hyperbolic metric (or Poincare metric) is dehned by 
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7 

where the minimum is taken over all curves 7 in D from zi and Z 2 - It is well-known 
that, for Zi,Z 2 G D, 


f \dz\ 


>^d{zi,Z2) 

which is equivalent to 


1 . 1 - 2 : 21/11 - 2 : 1^2 

2 l-\zi- Z 2 \/\l -Z 1 Z 2 


- ^2 
1 - Zi 2;2 


^2\j}{zi,Z2) _ 

^^-- = tanh Anfzi, 2 : 2 )- 

Q2\ji(zi,Z2) JU-V -L) z/ 


In [21], Sheil-Small proved the following result. 


Lemma C. Let f 

in D. Then 


h + g E Sh and a 




|fe"(o)l 

2 ' 


where h and g are analytic 


(1 - 1 ^ 1 )“-^ 

(1 + \z\Y+^ 


< \h'iz)\ < 


(1 + 1 ^ 1 )“-^ 
(1 - |^|)“+i‘ 


We remark that a = supj^g^ kLMi jg finite, but the sharp upper bound of a is 
still unknown (see [ 8 , 21 ]). 

Lemma 1. Let f = h + 'g E Sh, where h and g are analytic in D. Then, for 
Zi,Z2 E D, 

where a is defined in Lemma C. 


Proof. Let f = h + g E Sh and 2 ; = pi=^, where h, g are analytic in D and 
Zi,Z 2 E ro. Then 


where Z 2 


Z+Zl 

1+ziz ■ 


F{z) = 


f{z2) - f{Zl) 


(1 - \zi\‘^)h'{zi) 
By Lemma C, we get 


G Sh, 


(1 - kl)^ ^ ^ IP / N, \h'{z2)\ (1 + kl)'" ^ 

(1 + 1^1)“+!-' |h'(^i)||l+^i^|2 - (1-|^|)«+1’ 


which gives 

(I _ irh^+i n -L i^h^+i 

( 2 - 9 ) + < \h'iz2)\ < \^^\^\h'iz,)\. 


By (2.9), we obtain 


2 (l+|,|)a.l ll^/(^l)ll < ||/ 1 ,(. 2 )|| 

which implies that 

< \\Df{z2)\\ < 
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The proof of this lemma is complete. 


□ 


Lemma 2 . Let 01,02 and 03 be positive constants and let 0 < |zo| = 1 ~ where 
5 G (0,1). /// G mathcalSH, 0 < 1 —026 < |2;| < 1 — ai6 and \ argz —argzol < a^d, 
then 


< ||£>,(z)|| < M{aua,,a,)\\Df{z„)\\, 


where M(oi, 02, 03) 


2e 


(1 + Q!)(^a 3 + | log 


2a2-ai 

ai 


and a is defined in Lemma C. 


Proof. Let ZAOB = 20^6 and ^1,^2, ^3 line in the line OB with \zi\ < 1^21 = |^o| < 
1^3!, see Figure 1 . Then the length of the circular arc from zq to Z2 is less than os^. 



By calculations, we have 


^ 0 ( 2 ^ 0 ) ^ 2 ) < 


03(5 


03 


and 


Hence 


^3 - 


1 - Z 1 Z 3 


l-(l-(5)2 2 -d 

1 — oi(5 — (1 — 02(5) 02 — oi 


< 03 


1 - (1 - Oi(5)(l - 02(5) 02 + Oi(1-025) 

Ad(^05^) ^ ■doi^o, ^ 2 ) A ld]iD(z2, Zi) 

Z Ad(^o, ^2) + Ab(^i, ^3) 

1 2o 2 - Oi 

< 03 + -log-. 

2 oi 


< 


O 2 ~ Oi 

02 


By Lemma 1 , we see that 
1 


\\Df{zo)\\ < \\Df{z)\\ < M(oi, 02 , 03 )||L>/( 2 ;o)| 1 , 


M(oi, 02,03) 

where M(oi, 02, 03) is defined as in the statement. 


□ 
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Proof of Theorem 2. We first prove (c)=^(b). Let z = re*® G © and rie*®b ^ 26 *®^ G 
i?(re*®) with ri < r 2 . Then, by (1-2), Lemma 2 and [16, Proposition 13], there is a 
positive constant M such that 


|/(r2e*®^)-/(rie*®^)| 


< I /) - f (re*®=) | + | /(rie*®i) - / (re*®*) | 

+ |/(re*®2) - /(re*®*)I 

rr2 pri 

< / ||B/(pe"»)||<ip+ / IIDHpe^OlIdp 

Jr Jr 

+r [ ||Il/(re*‘)|Mt 

J 7 O 

< Af2£hr,(re")|| dp 

+Afc£‘||r,(re“)|| '<id 

+Mr / ||L>/-(re^^)||dt (by Lemma 2) 

7 70 

< ^||r/(re"')||(l - r) + Mre(^„)\\Df(re«)\\ 

< ?^\\D,(re«)Ul - r) + M\e, - »i|||£>/(re«)|| 

< (^^ + 2TrMj\\Dj(re«)\\(l-r) 

< IQK (~y“ 27rMj dsj(/(-^))t by [16, Proposition 13], 


where 70 is the smaller subarc of (9Dp between re*®* and re*®^. Hence there exists a 
positive constant Mi such that, for all 2 ; G ©, 


diam/(H(z)) < Midn{f{z)). 
Next we prove (b)=7(c). For z = re*® G D, let 

( 2 . 10 ) 4>{r) = / (1 — a;)||Zl/(a:e*®)||^(ia; 

J r 


and 


= {C = ^ + iy ■ r < X < 1, 0 < y < 1 — x}. 

By Lemma 2, for C, = x + iy & ^(^); there exists a positive constant M 3 such that 
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which implies that 

( 2 , 11 ) 


1 cl-x 


0 (r) < 



\\D f{xe^^)\fdydx 


r Jo 


1 pl—x 


< Ml 



r Jo 


< KMi 


\\Df{C,nrdydx 

1 rl-x 

Jf{(e^^)dydx 



r Jo 


= A'M|2l(/(A(re"))), 


where 


A(re*®) = {Ce*^ = (x + iy)e''^ : r<x<l, 0<i/<l — x}. 

It is not difficult to see that A(re*®) C i?(re*®), which, together with (2.3) and (2.11), 
imply 

(2.12) 0(r) < J^M|A(/(A(re*^))) < i^M|A(/(5(re*^))) 

< (diam(/(.B(re^'^)))^ 

< {dnU{z))f 

By (2.10), for r < p < 1, we get 


(2.13) 


log 


M ^ r 

0(r) X (p{t) 


dt < —a 


dt , 1 — P 

= a log ■ 


1 -1 


1 — r ’ 


where a = (1 + / [tiK'^MIMI] . For p < x < by Theorem B, there is 

positive constant such that 

(2.14) \\Df{pe^^)\\ < A^*\\Df{xe^^)\\. 

Applying (2.10), (2.13) and (2.14), we have 


24=1+1 


(l-p)^ll^/(pe' 


ie \\\2 


24c 


{l-x)\\Df{pe^^)rdx 


< I {l-x)\\Df{xe^^)fdx = 4>{p) 


< (j)[r) 


1 -P 
1 — r 


which, together with (2.12), yield that 


24c *+1 


£'/(p+)lr(i-rr<'('(d 


(—^)“<l(l-r)^||D,(re“)f 
1 — r / a 


1 -P 
1 — r 
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Then we conclude that 

(2.15) l|B/(pe">)|| < y^||D,(z)|| " ', 

By (2.15) and Lemma 2, for all ( = G B{z), there exists a positive constant M 4 
such that 

||B/(pe‘’)|| < Af 4 ||D,(pe")|| < M,^?^\\Df(z)\\ ' . 

Now we prove (a)^(c). By Theorem 1, there are constants M and 5 G (0,1) such 
that for each C, G (91D) and for 0 < r < p < 1, 

(2.16) IlfhpOII < M||r>KrC)|| . 

For all ^ G 5D with | arg^ — arg^ < 7r(l — r), by Lemma 2, there is a positive 
constant M' such that 


(2.17) 


D,(rC)|| < M'||B/(rO||. 


Hence (1.2) follows from (2.16) and (2.17). 

At last, we prove (c)=^(a). By [16, Proposition 13], (1.2), for w = f{rQ and 
Wi = f{pC), we have 


= [ \df{tC)\ < [ \\Df{tC)\\dt 


1 -1 


1 — r 


< M2||Zl/(rC)|| / 

J r 

< ^l|C/(rOII(l-P) 

i 6 a:m 2 

< -- dniw), 


5-1 


dt= ^||T>/(rC)||(l-r) 


which implies that hi is a radial (16iFM2/(5)-John disk with John center 0 and with 
7 = /([0,pC]) as the John curves, where r G [0,1), p G [r, 1) and C, G 9©. The proof 
is complete. □ 


Proof of Proposition 3. Without loss of generality, we assume that there is a 
positive constant such that, for all z G D, 

(2.18) <liam.f{B{z)) < M*dn{f{z)), 

where hi = /(D). For r G [0,1), let 


(p(r) 


1 7^’" 

(\Mre«p + \Mre<‘P) dt 

00 

1 + ^n‘^ + \bn\'^) 

n=2 


(2.19) 
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Then, by Theorem A and (2.18), we obtain 

p7v{l—r) 

( 2 . 20 ) 



r J-TT{l—r) 


Jf{pe^^^+^^)pd9dp = A (/(5(re*'))) 


< ^diam^ (/(5(re**))) 


< M*(l — r^)"^||Il/(re 


^it\ II2 


where M* = 




{l+KP ■ 

By (2.20), for r G [|, 1), we obtain 

I cl C7r(l-r) ^ 

ip{p)d9dp < 


2K 



r J —7r(l—r) 


r‘27r 




< 


K 

pi p7r{l—r) / f*27T 

/ / P 

Jr J-7r(l-r) 

c27r 


d9dp 


< AM*{l-ry ||D/(re**)|l^dt 

Jo 

< 167rM*(l — r)^y9(r). 


which gives that 


( 2 . 21 ) 


p{p)dp < 16A'M*(1 — r)ip{r) = f3{l — r)</?(r). 


where fd = lOA'M*. Applying (2.21), for r G [i, 1), we get 


( 2 . 22 ) 


d 

dr 

1 

Wo 




(1 -r) 


W)dp 


(1 — r) ^ / <p(p)(ip — (1 — r) ^^° 9 ?(r) < 0, 


where /So = l/(2/S). By (2.22), for r G [|, 1), we have 

(2.23) (1 — r)^“^^°(/?(r) < (1 — r)“^^° [ ip{p)dp < [ ip{p)dp < oo. 


It follows from (2.19) and (2.23) that there are two positive constants and M'^ 
such that 

oo „i 

1 + ^?T,^’''^°(|an|^ + l&nH <M[ {1 — r)~^°(p{r)dr 


n=2 


< M'^ / (1 — r)^° ^dr < oo. 


The proof of this proposition is complete. 


□ 
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Lemma 3. Let f G Sh be a K-quasiconformal harmonic mapping from D onto 
a bounded domain G. If there are constants M and 6 G (0,1) such that for each 
g G and for 0 < r < p < 1, 

(2.24) IIBKpOII < M\\Df(T,)\\ 

then, for a eV>, we have 

diam/(/(a)) < M^dda), 


where 

and 


/(a) = {z G 5D : | argz — arga| < 1 — |a|} 


Proof. For a G D, let a = p( with p = |a|. For z G /(a), by (2.24) and Lemma 2, 
we have 

( 2 . 25 ) \f{zp)-f{pO\ < f pIIDKpOII Kl 

< 2e(^+"V / II^/(pC)II by Lemma 2, 

J 'y' 

= 2eC+“V%')l|£'/(pC)ll 
= 2e('+“V^I|£>/(pC)ll |arg(pC) - argz| 

< 2el'+“Vhl-p)l|£'/(pC)ll 

< 2e<>+“l(l-p)||DKPC)ll. 


(2.26) 


and 

(2.27) 


\f{zp)-f{z)\ < / \\Df{tz)\\dt 


< M ['\\D,(pz)y ‘ 

Jp 

= !f(l - p)\\D,{pz 


1-p 


< 5-1 


dt, by (2.24), 


< 


(5 

2Me(^+") 


(i-p)II^/(pC)II 


I/(Cp)-/(C)I 


< fwDfitOWdt 

Jp 

< M j' ||B,(pC)|| dt, by (2,24), 
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where 7 ' is the smaller subarc of dJ^p between pz and pC,. 

Again, for z e -f(a), by (2.1), (2.25), (2.26) and (2.27), we obtain 

l/K)-/(dl < I/(pC) -/(/5dl + l/W -/(/’dl + I/(pC) -/(C) 

< Af,-(l-p)||£>/(pC)ll 

< 16M*A'dG(a), by ( 2 . 1 ), 

which in turn implies that diam/(J(a)) < 32KM^dG{(i), where 


(2.28) 

The proof of the lemma is complete. 


M* = +---+ —. 

0 0 


□ 


Proof of Theorem 4. Let ^ < 1 and 


(2.29) 


i{'yr[wi,W2\) ^ 
sup ^ sup ^ ^ 


0 <r<l \wT_,W2eZr dGr\Wl,W2) 

where 7 ^ is given by (1.3). Then, by (2.29), Lemma 3 and [7, Theorem 3], we have 

p27V 

\\Df{ue^^)\\d9 <u l{Df{ue^^))de 


V 

'k 


i‘2ir 


>0 
I'2it 

< / \df{iye^^)\ 

Jo 

k=i 

7 

< M.^^diam/(/( 2 ;fc)), by (2.29), 

k=l 

7 

< 32M^M^K dG {f{zk )), by Lemma 3, 


k=l 

7 


< 


< 


6AM^M*K j- i2mi m / Mil 

=1 

, by [7, Theorem 3], 


1 + K 

k=l 

1792M^M*K 


{1 + K)tt 


which implies that \\Df\\ e i7^(ro), where k G {1, 2,..., 7}, 

Zk = I{zk) = {^ e ae : I arg^ - arg^^l < 1 - \zk\}, 

and is given by (2.28). The proof of the theorem is complete. 


□ 
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Proof of Theorem 5. By the assumption, we see that there is a G (0,1) and 
ro G ( 0 , 1 ) such that, for tq < rj < 1, 


1 — if 

which shows that 


> Re(CP/(r7C)) = Re 


Ch"{vC,) 

h'ivO 


Re 


WivC)(^ivC) 

1 - |a;(r/C)|^ 


(2.30) 


Re 


Ch''{vO 

h'ivC) 


< Re 


Cuj'{t]C)uj{vC) 

■ - l^(^C)l^ 


+ 


1 — 


< 




\uj{r]CW 1-V^' 


where ( G 5D. By Schwarz-Pick’s lemma, we obtain 


(2.31) 

By (2.30) and (2.31), we have 


w'(hC)l < 


l^(^C)P 


1 — 77^ 


Re 


C^"(^C)^ < 1 ^ 


h'ivC) J 1 - 1 /^ 

Choosing A G (0,1 — z/), there is an ri G [ro, 1) such that 

Xh”{vC)\ ^ 2 r]- 2 X 


(2.32) 


Re 


< 


for all C G 5D, 


h'ivC) J 1 — tf 

when 7] G [ri, 1). For 0 < ri < r < p < 1, by (2.32), we find that 


log 


X-pX\h\pC)\ 

(1 — r‘^)\h'{rQ\ 


Re 


Ch"(pC) 


2 p 


< -2A / 

J r 

= -A log 


h'XO J 

^ dr] 

1 — if' 

1 + p 1 - r 
1 + r 1 — py/ ’ 


dr] 


which implies that 

1 s h'ipO 

(2.33) 


h'{r() 


< 


1 + r 
1 + p 


l+A 


1 -P 
1 — r 


A-l 


< 


1 -P 
1 — r 


A-l 


By (2.33), we get 
(2.34) I|C/(pC)II < 


2K 2K 

\h\pC)\<^-^\h'H)\ 


< 


l + K 
2K 
l + K 


\Df{rO\\ 


l + K' 

1 -P 
1 — r 


1 -P 
1 — r 


A-l 


A-l 


In order to apply Theorem 1 and then to conclude that f2i = /(D) is a radial John 
disk, we will use some proof techniques as in the proof of [9, Theorem 3.7] to remove 
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the restriction r > ri above. For 0 < ri < r < p < 1, by (2.1) and (2.34), we see 
that there is a constant c(A) > 1 such that 

(2.35) CTiiw) <c{\)dQ,^{w), 

where wi = f{pC), w = f{rQ and 7 = /([0,pC])- It follows from (2.35) that 

(2.36) diam( 7 [t(;i,t(;]) < c{X)dn^{w). 

Now we consider the case: 0<r<ri<p<l. Let Sq = dist(/(rorj, 
denote the Euclidean distance from /(D^J to the boundary of hli and let Aq = 
diam(/(DrJ). Then 

(2.37) ^0 > 0 and Aq < cxo. 


For 0 < r < ri < p < 1, by the triangle inequality, (2.36) and (2.37), we get 


diam( 7 [td, tCi]) 


< diam(7[td, tco]) + diam(7[tdo, tdi]) 

< Ao + c(A)dni(wo) 

< Aq + c(A)(Ao + (5o) 

— (c(A) + c^)5o 

< (c(A) + c')doi(td), 


where wi = /(pC), w = /(rC), wq = /(nC) and c' = (1 + c(A))Ao/(5o- 

The remaining case when 0<r<p<ri<lis treated similarly. Therefore, for 
0 < r < p < 1, there is a constant C 2 > 1 such that 


diam(7[M;,M;i]) < C2dn^{w), 
which implies that carrf( 7 ,C 2 ) C hli (cf. [17]), where 

card (7, C2) = diam(7[M;,M;i])/c2) : w e 7 \{/( 0),'«;i}|. 

It follows from [17, Theorem 2.16] and [17, Part 2.26 in P.17] that fli is a John disk. 
For the definition of the diameter of c-carrot, denoted by card( 7 , c), we refer to [17]. 
The proof of the theorem is complete. □ 
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